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COMPLEX NUMBER

Introduction:

suppose the equation x? = 4
then x= +v4 = +2. Real solutions are possible
Now
suppose the equation x* = —4
then x = +v/—4
In this case , we can not find the square root of -ve numbers.
To find the solution, we define
i‘=-1
Then i is called imaginary unit. Then the solution is
x = +V—4 = +.,/(2i)2= +2i

So those numbers which contains imaginary unit(i) is called the complex number.



Definition:

A complex number is an ordered of the form (a, b).
where ‘@’ is called the real part of the complex number and
‘b’ is called the imaginary part of the complex number.
NOTE: (a,b) = a + i.b [we prove it later]
i is called imaginary unit.

Complex numbers are denoted by z or w.

Example: Complex number Real part Imaginary part

(3,4) = 3 + 4i
(2,-5)= 2-i.5
(1-1)=1=i

(0,7) = 7i = 0+7i
(V2,43) =v2 + V3
(0,1) = i =0+i




Imaginary unit:
A complex number of the form (0,1) is called imaginary unit.
It is denoted by i.
NOTE:
In complex number z = (a,b) ifb=0
Then z = (a,0) is a purely real number and we write
(a,0) =a
Examples:
3 =(3,0)
4=440.i =(40)
1=14+0.i=(1,0)
So all real numbers are complex numbers but all complex numbers are not real numbers.

All complex numbers having imaginary parts zero are the real numbers.



Algebra of complex numbers:

Equality: Two complex numbers z = (a, b) and w = (c, d) are said to be equal
ifandonlyifa=cand b = d
Addition: The addition of two complex numbers z = (a,b) and w = (c,d) are
denoted by z + w and is defined as
z+w=(b)+(c,d)=(a+c,b+d)
Subtraction: The difference of two complex numbers z = (a,b) and w = (c,d) are
denoted by z — w and is defined as
z—w=(ab)—(c,d)=(a—c,b—d)
Multiplication: The product of two complex numbers z = (a, b) and w = (¢, d) are
denoted by z.w = z X w and is defined as
z.w = (a,b).(c,d) = (ac — bd, ad + bc)



Algebra of complex numbers:

Multiplication:
(2,3).(4,5) = (2.4 —3.5 2.5+ 3.4)
= (—7,22)
Division:

The division of two complex numbers z = (a,b) and w = (c¢,d) # 0 are

denoted by % and is defined as

z _ (a,bs (ac+bd bc—ad)
w (¢, d)  \c2+d2? ’ c2+d?



Note:1 The square rootof —1isi. [ i.ei?=—1or i = V-1 ]

Proof: we have

i =(0,1)

Now i? =i xi=(0,1) % (0,1)
=(0x0—-1%x1,0x14+1x%x0)=(-1,0) =-1

- o=l
Note:2

(a,b) =a+ib
Proof:

a+ib = (a,0)+(0,1)(b,0)
=(a,0)+(0Xxb—-—1%x00x0+1Xb)
= (a,0)+ (0,b) = (a+ 0,0+ b)
= (a,b)



Multiplication: [Alternate]
The product of two complex numbers z = (a,b) and w = (c,d) are

denoted by z.w = z X w and is defined as
z.w = (a,b).(c,d) = (ac — bd,ad + bc)

Alternate:
z.w = (a,b).(c,d)
= (a +ib).(c + id)
= ac + iad + ibc + i*bd
=ac+i(ad + bc) + (—1)bd
= (ac — bd) + i(ad + bc)
= (ac — bd ,ad + bc)



Division: [Alternate]
The division of two complex numbers z = (a,b) and w = (c¢,d) # 0 are

denoted by % and is defined as

z _(ab) _ (ac+bd bc—ad)
c2+d? ' c?+d?

W (c,d) |
Alternate:
Z+ 0 (a,b) __ a+ib
W (c,d) " c+id
a+ib c—id
= X

c+id c—id
ac—iad+ibc—i%bd

g c2—(id)>?
__ac+ibc—iad —(—1)bd _ (ac+bd)+i(bc—ad)
1 c?—i%.d? £ c?+d?

__(ac+bd) i(bc—ad) v, (ac+bd bc—ad)
2442 c2+d?2  \c2+4d?’ c¢?+d?
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Note:1
(-1)?=1 1 +
m n mrn
(~1)*= -1
(-2)*= -8
Note:2
l2 =T | (xm)n — xmxn

i3 =i%.i = (—1LN=E

it = i%i% = ( DHNE NN
S=iti=(?2%i=(-1%i=1li=i
(11 =10 =2 I  — = "

iSO . (i2)25 - (_1)25= —1



1. Find the value of following:

a) i33

— o

= (i2)16.

= (=1)16.i
S — 1

b. (1 +i)? :
= 12 P2
=1+4+2i+ (-1
=1+4+2i—1
=2



c. 2% +6i° + 316U
=2.(-1D+6i%i+3@(*)8—-6i'8.i+4i%*.i
=-2+6(-1.i+3(-1)° -6 (i*)°i+4 (i*)'%i
=—-2—-6i+3.1-6(-1)%i+4(-1)2i
=—-2—-6i+3 —6(—1).i +4.1.i
=—-2—6i+3+60+4i

=1+4i



3 2 4
i1+ (1-0)2
3 2 4
i 140 12—2.1.i+i2
3 2 4
T
3 2 4
T T
3 2 2
ARETTh
3 2 2
T T
342 2

[ T 1+i

5 2

7
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5 2
i1+
__ 5(1+i)+2i
Ci(1+0)
_ 545i+2i
42
5+7i  i+1
= 2

_ 5i+5+7i%47i
i2—12
_ 12i+5+7(-1)
" —1-1
_12i-2
e
12i 2

=2 _ 2 —1_6i
= —2




COMPLEX NUMBER
Example 2
2. Express each of the of following in the form of A+iB:
a) (1+3i)+(2—6i)
=1+3i+2—6i
=3 —3i

b) (1 + 2i)(3 - 2i)
=1X3—-1X20i+4+2iX3—20X2i
=3 —2i+ 60 — 4i*

=3 +4i —4(-1)

=3+4i+4

=7+ 4i
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2. Express each of the of following in the form of A+iB:
c) (1+1i)?

=1°+3.1%i+3. 1.i*+i°

=1+4+3i+3.(—1) +i%i

=1+ 3i —SSSCE (a +b)® = a® +3.a2.b + 3.a.b* + b®
= —2+3i—i
S —
3
d) =

5 (a—b)>=a®—-3.a%.b+3.a.b*> — b°
e) 2—/-1
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2. Express each of the of
following in the form of
A+iB:
3- V-4
f) 2 ++/-1
3 — V-1x22 6—3i—4i.—2
2 +V/-1 4+1
3 — Vizx22 — ‘il
2 +i2
3 — 2i
2 +i

_ (3-2i)(2-0)
T N

|
vl

2—1
X —
2—i

_3.2-3.-2i.24+2 .i*
. 4—(-1)
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2. Express each of the of following in the form of A+iB:
1+l 1+l 1+i

g) 1-i 1+i

(1+1,)2 (1+i)2 (1+l)2 1+l

12—i2  7]1-(-1)

1—i\3 1—i 1-i\>
= - X :
141 141 1—1

(1-02\" _ [1%-2.1.i+i?
122 ‘B 122

3

-(Tons

iy

—(-1).i=i=0+1.i



Properties of complex numbers:
i. A real number can not be equal to an imaginary number unless each is zero.
Let and b are real numbers such that a = ib.
We have to show that a= 0 and b =0.
Now
a=1ib

or,a’ = i*b?

or, d——

or,a’ +b* =0
[t is possible only when

a =0 and b =0.

Proved.



Properties of complex numbers:

ii. If a+ib=0thena=0andb = 0.
Now

a+ib=0

or,a = ib

or,a’ = i*b?

or,a’ = —b?

or,a’* +b* =0
[t is possible only when

a =0 and b =0.

Proved.



Properties of complex numbers:

iii. a+ib=c+idif and onlyif thena =cand b = d.
Now

a+ib=c+id
S a—c=id—ib
& a—c=1i(d—Db)
& (a—c)*=i%(d — b)?
& (a—c)*=—(d — b)?
& (a—c)*+(d—-b)*=0
[t is possible only when
a—c=0andd—-b =0
Sa=candd=0>b

Proved.



Exercise

1. Evaluate:

a) (1,0)*> b)(0,1)° ©(01)°> d) (O

Solution: (d) (0,1)**

(0,1)11 = j11
= (oo
= (i%)>.i

= (—=1)°.i = —i

2. Find the values of x and y in each of the following:

a) (x,y) =(23)+32) b)(xy) =21+ (2-1)

) (x,y)=(23)-GB2) d)23)=(11D+xy)

Q) (1,y) = (11).(23) D (x,y) = 2D



2. Find the values of x and y in each of the following:
Solution: d) (2,3) = (1,1) + (x,y)

We have

(23) =(11) + (x,y)

or, 2+i3=14+i+x+1iy

or, 2+i3=04+x)+i(1+y)

Equating real and imaginary parts, we get

2 =1 4+ x and 3 =NEiEE

~x=1andy = 2



2. Find the values of x and y in each of the following:

: (1,1)
Solution: f) (x,y) = —=
D &.y) (3,4)
(1,1)
We have (x,y) = —=
(x.7) (3,4)
: 1+i
or, X +1y = —;
3+14
: 14+i _ 3-i4
or, X +1y = —— X —;
3+14 3-14
L 3—-i4+i3-i°4
‘ Y T T3z (a2
: 3—i+4
or, X +1y =
9+16
; 7—i _ 7
or, X +1y = =

25 25 25

Equating real and imaginary parts, we get

7 -1
X=—andy = —
25 25



3. Simplify :

a)vV—9 +vV—25 — /=36
b)(3 —V—4)(2 + V-9)
O)V—16.4/—1

d) 3i% 4+ i3 + 9i* — i’

Solution: a) V=9 + v/—25 — V=36
=i29 + Vi225 — Vi236
= 30+ 5i — 61
= 2i



1 4
4. Prove that : (1 + i)*. (1 + 7) =

5. Find the real numbers x and y if
a)x +iy=(2—30)(3 — 2i)

b) (x—1Di+ (y+1) = (1 +i)(4— 30

3+2i | 3-2i .
6. Show that == + === js purely a real number.
2—51  2+51




